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Abstract. The main aim of the paper is to formulate and prove a 
result about the structure of double affine Hecke algebras which allows 
its two commutative subalgebras to play a symmetric role. This result 
is essential for the theory of intertwiners of double affine Hecke algebras. 



Introduction 



Double affine Hecke algebras were introduced by Cherednik |C1], | C2 ] 
in connection with affine quantum Knizhnik-Zamolodchikov equations and 
eigenvalue problems of Macdonald type. As a general principle one can 
associate to any type of root system (finite, affine, elliptic) a Weyl group, 
an Artin group and a Hecke algebra. Along these lines, double affine Hecke 
algebras are associated with a certain class of elliptic root systems. The Sec- 
tion |l| contains the definitions and relevant results about double affine Weyl 
groups, their Artin groups and their Hecke algebras as well as a topological 
interpretation of affine Artin groups due to H. van der Lek. 

One of the key features of double affine Hecke algebras is that they con- 
tain two commutative subalgebras. Our main result roughly states that 
there exists a pairing between the root systems in question such that their 
corresponding Weyl groups, Artin groups and Hecke algebras are canonically 
isomorphic in such a way that for the Hecke algebras the roles of the above 
mentioned commutative subalgebras is interchanged. The Section ^ contains 
the precise statements of these results. As a consequence of the existence 
of such canonical isomorphisms there exists the possibility of defining some 
special elements of the double affine Hecke algebras, called intertwiners. 
The importance of the intertwiners was first understood by Knop and Sahi 



[Kn|, |KS|, pl| for GL„ and then by Cherednik []C^ in the general (reduced) 



case. Their properties, as they follow from the isomorphism allows them to 
play a central role in the theory of (non)symmetric Macdonald polynomials 
(see [03 1 for a full account on intertwiners). 



The proof rely on the topological interpretation of extended Artin groups, 
due to H. van der Lek ]L1[ , This relates the double affine Artin groups 
and the fundamental groups of certain complex hyperplane complements. 
Section ^ reveals this connection and establishes the canonical isomorphism 
at the level of Artin groups. Section Q finishes the proof of the existence of 
the canonical isomorphism at the level of Hecke algebras. 
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The statements of our main result as well as the connection between the 
double affine Artin groups and certain fundamental groups were announced 
in Theorem 2.2 and Theorem 2.4 of |C1|. 

Acknowledgement. I would like to thank Professor Siddhartha Sahi for 
many enlightening discussions on the subject and much useful advice. 



1. Preliminaries 



1.1. AfRne and double afRne Weyl groups. For the most part we shall 
adhere to the notation in |Q. Let A = {ajk)o<j^k<n be an irreducible affine 
Cartan matrix, S{A) the Dynkin diagram and (ao,...,an) the numerical 
labels of S{A) in Table Aff from @, p.48-49. We denote by (a^, . . . , a^) the 
labels of the Dynkin diagram S{A'') of the dual algebra which is obtained 
from S{A) by reversing the direction of all arrows and keeping the same 
enumeration of the vertices. Let i?^) be a realization of A and let 

(f), R, By) be the associated finite root system (which is a realization of the 
Cartan matrix A = {ajk)i<j^k<n)- If we denote by {oij}o<j<n a basis of R 
such that {ctj}i<j<n is a basis of R we have the following description 

[)* = ^* + + MAo , 

where 6 = 'Yl^=o'^j^j- The vector space \f has a canonical scalar product 
defined as follows 

{aj,ak) := d~^ajk , (Ao,aj) := Sj^a^^ and (Ao,Ao) := 0, 

with dj := aja^~^ and 6jfi Kronecker's delta. As usual, {aj := c?jaj}o<j<n 

are the coroots. Denote by Q = (Bj^iZaj and = ©"=;^ZaJ the root 

lattice, respectively the coroot lattice of R and by Q = ©"^g^c^i = Q (B '^6 
the root lattice of R. 

Given a e R, x € i)* let 



(a, a) 

The afRne Weyl group W is the subgroup of GL((]*) generated by all Sa 
(the simple refiexions Sj = Sa^ are enough). The Enite Weyl group W is 
the subgroup generated by si, . . . , s„. Both the finite and the affine Weyl 
group are Coxeter groups and they can be abstractly defined as generated 
by si; • • • ) Sn, respectively sq, • • . , Sn, and some relations. These relations are 
called Coxeter relations and they are of two types: the refiection relations 
sj = l and the braid relations (see Q for details). 

The double afEne Weyl group W is defined to be the semidirect product 
W tK Q oi the affine Weyl group and the lattice Q (regarded as an abelian 
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group with elements r^, where /? is a root), the affine Weyl group (with the 
opposed multiphcation) acting on the root lattice as follows 

This group is the hyperbolic extension of an elliptic Weyl group, that is the 
Weyl group associated with an elliptic root system (see [^T[ for definitions). 
It also has a presentation with generators and relations (elliptic Coxeter 



relations). We refer the reader to [3T| for the details 



The affine Weyl group W can also be presented as a semidirect product 
in the following way. For 1 < i < n, let Cj = max{aQ^,dj}. Recall that 

(2) 

ao = 1 in all cases except for A = j42„ , where = 2. Denote by M the 
lattice generated by {Aj = ejaj}i<j<n- Then W is the semidirect product 
of W and the lattice M (regarded as an abelian group with elements A^, 
where is in M), the finite Weyl group acting on the lattice M as follows 

Let us remark that the numbers ej depend only on the length of the cor- 
responding simple root. Therefore, we will write e^, ei for Cj if the corre- 
sponding simple root is short, respectively long. The number p := will 
play an important role. It is easy to see that p G {1, 2, 3}. If /? S i?, will 
denote or ei depending on the length of /3. With this notation define, 

•= 6/3/3 and := e^^/?^. 

For r a real number, I}* = {x G 1} ; {x, 6) = r} is the level r of I}* . We have 



t); = i)l + rAo = r + + rAo . 

The action of W preserves each of the i)* and we can identify each of the f)* 
canonically with Piq and obtain an (affine) action of W on For example, 
the level zero action of sq and on [)g is 

soix) = S0{x) + {x,9)5 , 
X^{x) = x-{x,fi)6, 

and the level one affine action of the same elements on i)* is 

Soix) = sg{x) + a^^e , 

A^(x) = x + n, 
where we denoted hy 9 = 6 — aoao. 
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1.2. Artin groups and Hecke algebras. To any Coxeter group we can 
associate its Artin group, as the group defined with the same generators 
which satisfy only the braid relations (that is, forgetting the reflexion rela- 
tions). The finite and affine Weyl groups are Coxeter groups; we will make 
precise the definition of the Artin groups in these cases. First let us make 
the following convention 

For the rest of the paper we assume our irreducible afRne 

(2) 

Cartan matrix to be of any type except ■ 

Note that the corresponding definitions and results of this paper (at the 
level of Hecke algebras) for the case omitted can be found in 



Definition 1.1. With the notation above define 

i) the finite Artin group A^r as the group generated by elements 

satisfying the same braid relations as the reflexions si, . . . , Sn', 

ii) the affine Artin group Aw o-s the group generated by the elements 

To, - ■ ■ ,Tn 

satisfying the same braid relations as the reflexions sq, . . . ,Sn- 

From the definition it is clear that the finite Artin group can be realized 
as a subgroup inside the affine Artin group. To define the Hecke algebras, 
we introduce a field F (of parameters) as follows: fix indeterminates q and 
to, . . . ,tn such that tj = tk iff dj = df^; let m be the lowest common denomi- 
nator of the rational numbers {{aj, Xk) \ ^ < j,k < n}, and let F denote the 

field of rational functions in q^/"^ and t^"^ . Because in our case there are at 
most two different root lengths we will also use the notation ti, tg for tj if 
the corresponding simple root is long, respectively short. 

For further use we also introduce the following lattices Aiy '■= {^^t; £ 
M} and Qx '■= {-^/j; P G Q}- We will use the same notation for their group 
F-algebras. 

Definition 1.2. The finite Hecke algebra is the quotient of the group 
¥-algebra of the finite Artin group by the relations 

- Tr^ = tf - t-'/\ (1) 

for 1 < j < n. 

Recall that the affine Weyl group also has a second presentation, as a 
semidirect product. There is a corresponding description of the affine Artin 



group (and consequently of the affine Hecke algebra) due to van der Lek [LI] 
and Lusztig |pu|| . 
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Proposition 1.3. The affine Artin group Aw is generated by the finite 
Artin group and the lattice My such that the following relations are satisfied 
for all 1 < j < n 

(i) T,Y, = Y,T, z/ (^,^p = 0, 

(ii) T,y^T,- = ^f (^,^p = l. 

Remark 1.4. In this description = Tx for fi any anti- dominant ele- 
ment of the lattice M . For example Y^g = Ts^Tq. 

Definition 1.5. The affine Hecke algebra Tiw is the quotient of the group 
¥ -algebra of the affine Artin group by the relations 

T,-rri =t]/2_^-i/2^ forallQ<j<n, (2) 

y_A,.Tri _ r^,y^^ ^ ^1/2 _ ^-1/2^ 1 < J < n. (3) 

The elements Ti , . . . , generate the Unite Hecke algebra TC^ . There 

are natural bases of Tiw and Ti-^r- {Tw}w indexed by w in and in W 
respectively, where T^ = Tj^ ■ ■ ■ Tj^ if w = Sj^ ■ ■ ■ Sj^ is a reduced expression 
of w in terms of simple reflexions. 

We must remark that the objects we define here are not the objects tra- 
ditionally used in the literature : extended affine Artin groups and Hecke 
algebras. Nevertheless, their structure is completely similar. Regarding the 
definition of Hecke algebras we note that the relations (^) and (||) are conju- 
gate inside the extended affine Artin group, but not inside the affine Artin 
group. Therefore, only the relations (|2|) have to be required in the definition 
of extended affine Hecke algebras. 

As before, the affine Hecke algebra has a presentation in terms of the 



finite Hecke algebra and the group algebra A^y (see |Lu] for the proof). 



Proposition 1.6. The affine Hecke algebra Tiw is generated by the finite 
Hecke algebra and the group algebra My such that the following relation is 
satisfied for any in the lattice M and any 1 < j < n : 

1/2 ,-l/2x^/' ~ ^SjM 



y^3-Ws,i^ = it--t:--)^ 



Ya 



Remark 1.7. An immediate consequence of the Proposition is that the 
relation 

Jo --to - *o ~*o 
it is contained in the ideal generated by all the other relations defining the 
affine Hecke algebra. 

The definition of the double affine Artin group and Hecke algebra is due 
to Cherednik (see, for example. 
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Definition 1.8. The double affine Artin group A^r is generated by the 
affine Artin group Aw, the lattice Qx and the element such the fol- 
lowing relations are satisfied for all < i < n 
(i) Xs is central , 



(ii) TjXp = XpTj if (/?,aj) = 0, 



(iii) r,x^r, = x,^.(^) if {(3,a)) = -i. 

The double affine Weyl group it is not a Coxeter group, but a generalized 
Coxeter group (in the sense of Saito and Takebayashi, see [pT| ) and we 
can define the associated Artin group in the same way as for a Coxeter 
group (that is, by keeping the generalized braid relations and forgetting the 
reflexion relations). By our knowledge at present time the literature does 
not contain any result that establishes the equivalence of the two definitions. 

Definition 1.9. The double affine Hecke algebra "Hy^ is the quotient of the 
group F-algebra of the double affine Artin group by the relations 

Tj-T7^ = ty^ -t-^^\ for all 1 < j < n, (4) 
Y^A,T7^ - TjYa^ = tf^ - t-^/\ for all 1 < i < n, (5) 
Tr^X^^-X.o.,T,=t]'^ -t^^'\ for all 1 < j < n, (6) 

""^^ao - X^aoTo = t^"^ - (7) 

and by 

Xs=q-\ (8) 

As before, can be described in terms of Tiw and the group algebra Qx- 

Proposition 1.10 (|C1|). The double affine Hecke algebra 'H^r is the F- 
algebra generated by the affine Hecke algebra TCw and the group algebra Qx 
such that, with the notation Xs = , the following relation is satisfied for 
any (3 in the root lattice and any < j < n: 

T,X, - x.^,,)r, = (tf - tf')^^^^^ . (9) 



The proof is completely similar with the proof of the Proposition 1.6 . 

1.3. Some results of van der Lek. Inspired by the techniques introduced 
in Q, H. van der Lek developed in p^ ] a machinery which allows one to 
compute fundamental groups of complex hyperplane complements. As an 
application he realized the affine Artin groups as fundamental groups of such 
spaces. Below, we will briefiy review his result. 
With the notation from Section 1.1 let 
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The finite Weyl group acts properly discontinuously on V and in consequence 
the diagonal action of W on the domain V + iV has the same property (here 

For P £ R any root and any integer k denote by 

HA^,k = {v£V \ {v,Af3) = k{A(3,Af3) }. 
Consider the domain 

n = v + iv 

and the following action of on it: 

• Sj{vi + iv2) = Sj{vi) + isj{v2) for j ^ ; 

• ^tj.{vi + iv2) = vi + fj. + iv2 for fi e M. 
Consider the following space 

/ 

{V + iV) - U {HA,,k + iHA, 



\ 



fcGZ 



and the orbits space associated to the above action 

X = y/w. 

Let p -.y ^ X denote the canonical projection. Fix c £ V such that c is in 
the fundamental chamber for the action of W . We can choose 

* = p{ic) 



as a base point for X . To state Theorem 2.5, Section 3 of |L2| we need the 
following notation 

. : [0, 1] ^ y- f,it) = c + ^^(c,apa,-, I < j < n; 
• VA^ :[0,l]^y ; yA,{t) =c + tAj, l<j<n. 

Note that, p o Tj and p o pA- are closed paths in X. Now, Theorem 2.5, 
Section 3 of |L2| states as follows. 



Theorem 1.11. With the notation above, the fundamental group 'Ki{X ,i) 
and the affine Artin group Aw o,re isomorphic. Under the isomorphism the 
homotopy classes of the paths poTj, and p o yj^. correspond to Tj and Ya^ , 
respectively. 

In fact van der Lek's Theorem 2.5, Section 3 is more general. It can 
be stated for an arbitrary finite Coxeter group. Although the statements 
don't include the eventual existence of imaginary roots in the root system 
associated with this Coxeter group, once one appropriately modifies the 
regular orbits space the proofs work exactly the same way to produce a 
corresponding result. In Section ^ we will define the space which has the 
fundamental group isomorphic with the double affine Artin group. 
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2. The involution 



In this section we will define an involution l on the set with elements of 
the form (j4,{aj}) where ^ is a irreducible affine Cartan matrix satisfying 



our convention in Section L2 and {otj} is a basis of the corresponding root 
system. 

Because the irreducible root systems are classified by their Dynkin di- 
agrams it is enough to make precise a basis of R'', which we denote by 
{Oj}o<j<n and the scalar products between the simple roots. The fact that 
we want our involution to preserve the affine type allows us to specify only 
{a^}i<j<„,. For 1 < J < n, define 

the scalar product being the canonical one in [)*. It will cause no confusion 
we will realize the root system R'' on \)* . Also, 

= 6 and Ag = Aq. 

The finite Weyl groups associated to R and R'' coincide and we will not 
distinguish between them. The affine and double affine Weyl groups associ- 
ated with R'' we denote by W'', respectively W". 

At the level of affine root systems the involution fixes all irreducible affine 
Cartan matrices, except Bn"^ and Cn^ which are interchanged. At the level 
of roots the involution acts as identity for the all root systems except Bn\ 
Cn \ -^4^^ and G'^\ For root systems of these types these the involution 
interchanges short and long roots. At the level of double affine Weyl groups 
the following result holds. 

Proposition 2.1. With the notation above M'' = and Q'' = ■ 

Furthermore, the map 

defined as follows 



'Pwiw) = ""^ for w £ W , 



is an isomorphism of groups. The inverse of (p^ is (py^, . 

Proof. All computations are straightforward. □ 

The main results of the paper state that the isomorphism between the 
double affine Weyl groups from the previous Proposition induces isomor- 
phisms at the level of double affine Artin groups and double affine Hecke 
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algebras. In order to keep our notation as simple as possible we denoted all 
these isomorphisms by the same symbol. 

Theorem 2.2. The map 

^^{Tj) = Tj-i forl<j<n, 

4>^{Xp) = y)p^ /or/3GQ, 

4>^{Xs) = X-Ls, 
can be uniquely extended to an isomorphism 

between the double affine Artin groups. The inverse of (j)^ is (p^r,. 

Theorem 2.3. The group isomorphism from the previous Theorem extended 
C-linearly and by 

induces an isomorphism between the corresponding Hecke algebras. The in- 
verse of (t)y^ is (j)^, . 

The proofs of Theorem |2.2| and Theorem |2.3| will be concluded in Section ^ 
and Section ^ respectively. 



3. The topological interpretation 



3.1. The orbits space. The proof of the Theorem rely on the inter- 
pretation of the double affine Artin group Ay^ as a fundamental group of a 
certain topological space. In what follows we will present the construction 
of this space. 

With the notation from Section LI let 

V = \f and V = h* + KAq. 
The Tits cone is defined to be 

where 

C ■.= {v£V \{v,a.j) > , < J < n} 
is the fundamental chamber for the action of the affine Weyl group W . The 
interior of the Tits cone is 

i = {v + rAo \v £V, r > }. 
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Recall that x G I is an interior point iff stabwix) is a finite group. The 
affine Weyl group acts properly discontinuously on / and in consequence 
the diagonal action of W on the domain V + il has the same property. 

For P £ any real root (that is, non-proportional with the imaginary 
root 5) and any integer k denote by 

Consider the domain 

and the following action of on it: 

• Sj{vi +iv2;z) = {sj{vi) +isj{v2)]z) for j / ; 

• SQ{vi + iv2;z) = (i}i + (i}i,ao)e + ii)2 + i(^2,ao)^;^e'^^^*''^^~^^*''^^^); 

• Tj3{vi + iv2; z) = {vi + P + iv2; ze ^ ("2>^) ) for /3 E Q; 

• Ts{vi + iv2; z) = {vi + iv2., -z). 
Consider the following space 



fcGZ 



and the orbits space associated to the above action is 

X = y/w. 

Let p : y ^ X denote the canonical projection. Fix c £ V such that c + Aq 
is in the fundamental chamber and the numbers {(c, aj)}i<j<n are positive 
and sufficiently small. Fix also zq a positive real number and let n = c + ic. 
Then the point {u + iAg; zq) is in y and we can choose 

i = p{u + zAq; zq) 

as a base point for X. To state Theorem 2.5, Section 3 of adapted to 
our present situation we need the following notation 

fj : [0, 1] ^ y; fj{t) = {u + iAo + ^^(n, a))af, zo),l<j< n; 

■it_ 

T 



To : [0, 1] ^ y- %{t) = {u + iAo - + iAo, ao)0; zoe^('^% 



Tvit 



• : [0, 1] ^ 3^ ; Xa,{t) = {u + iAo + taj; zoe 2 (''^i')), 1 < j < n; 

• xs:[0,l]^y ; xs{t) = {u + iAo; ^oe"**). 

Note that, p o T,-, p o Xa and po xs are closed paths in X. Now, Theorem 



2.5, Section 3 of [L2] for the affine Weyl group reads as follows. 



Theorem 3.1. With the notation above, the fundamental group Tri(X,i) 
and the double affine Artin group are isomorphic. Under the isomor- 
phism the homotopy classes of the paths poTj, poxaj andpoxs correspond 
to Tj, Xa, and Xs, respectively. 
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What will be crucial in the proof of the Theorem 2.2 is another presen- 
tation of the double affine Artin group as a fundamental group of a slightly 
different topological space. Consider the subspace 

^} = (y + iV) X C ^ Q ; {vi + iv2; z) ^ {vi + iv2 + iAq; z) . 

It is a simple fact that is invariant under the action of W . Let us make 
this action explicit: 

• Sj{vi + iv2]z) = {sj{vi) +isj{v2)]z) for j / ; 

• sq{vi + iv2] z) = {s0{vi) + ise{v2) + iO\ ze^^'"^'^'^); 

• A^(wi + iv2] z) = {vi + iv2 + i/x; ze'^^^^'^^) for ^ e M; 

• Tp{vi + iv2] z) = {vi+(3 + iv2; ze'^'-"^'^^) for (3 £ Q; 

• Ts{vi + iv2; z) = {vi + iv2, -z). 

For any nonzero P £V and A; E Z define the hyperplanes 

2{v,P) 



{v£V 



k}. 



As before, we can consider the space 



y-.-- 



(V + iV) - U {Hp^h + iHA,,k) 



V 



J 



the orbits space X = y /W and the canonical projection p : y ^ The 
point (u; zq) is in y and we can choose 

■k = p{u;zo) 

as a base point for A!. 
We can define a map 



as follows 



ret{vi + iv2]z) = ( vi 



ret-.y ^ y, 



1 



-V2 - iAo ; z 



{V2,b) {V2,(>) 

Simple computations show that this map is well defined. 
Proposition 3.2. The map 

ret-.y^ y, 

defined above is a deformation retract. Moreover, ret is W equivariant and 
consequently X and X have the same homotopy type. 

Proof. All computations are straightforward. □ 



Now, the Theorem |3.l| takes a more symmetric form. Let us define first the 
ingredients: 

. T, : [0, 1] ^ 3^; T,(t) = {u + ^(u, a))aj-zo), 1 < j < n; 



To: [0,1] ^3^; T^{t) = {u 



2 



^u + iKQ,ao)e;zQe^^^'^^)- 
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. VA, : [0, 1] ^ J ; yA,{t) = {u + itAf, zqc-^^'^^^^), 1 < j < n; 

• Xa^ :[0,l]^y ; Xa^{t) = {u + taj; zoe^^^'''^'^), I < j < n; 

• xs:[0,l]^y ; xsit) = iu;zoe^''). 
Note that, poTj,po i/a^ , p o Xaj and po xs are closed paths in X. 



Theorem 3.3. With the notation above, the fundamental group TTi{X,-k) 
and the double affine Artin group are isomorphic. Under the isomor- 
phism the homotopy classes of the paths poT j, p o , p o Xa^ and p o xs 
correspond to Tj, Yaj, X^^ and X^, respectively. 



Proof. It follows from Theorem 3.1 and Proposition 3.2 that the fundamental 
group T^i{X , and the double affine Artin group Ay^ are isomorphic. Under 
the isomorphism the homotopy classes of the paths po rei(Tj) = po Tj (for 
< J < n), p o ret{xaj) = p o Xa^ (for 1 < j < n) and p o ret{xs) = p o xs 
correspond to Tj, X^^ and Xs, respectively. Moreover, by a computation 
very similar to the one done in the proof of Theorem 5.5, Section 3 in [L2] 
one can show that this is also an isomorphism between the subgroup of 
7ri(X,-k) generated by poyAj (for 1 < j < n) and po Tj (for 1 < j < n) and 
the affine Artin group Aw and that p o yj^. correspond to Ya^ under this 
isomorphism. □ 



3.2. Proof of Theorem 2.2. Let us start by an analysis of the construc- 
tions in Section 3^ for the group Because 

M' = J^Q and Q' = —M 

we obtain that there exists a one-to-one correspondence between the finite 
root systems R and which assigns to any (3 £ R a root /?'' G R'^ such that 

= -^Afs and Ap. = ^p. 

Therefore, we have that 

-ff/3',fc = — -^A^.fc and HAp,,h = y/pHf^^h, 

and in consequence the topological space 
/ 



y 

If we denote by 



V 



(V + tV) - [j (l^HA,,k + iVpHp,h] 



\ 



X C*. 



{V + iV) - U {HA„k + iH^ 
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we see that the map 

y-^Z, {vi + iv2; z) {^vi + i^V2; z) 

is a homeomorphism. We can push forward the action of W' obtaining the 
following formulas for the action on 2: 

• s'jivi + iv2; z) = (sjivi) + isj{v2); z) for j / ; 

• A^^(7;i + W2; z) = {vi + iv2 + ze" (""^ ''^^ ) for /3 G Q; 

• t'\_ {vi + iv2; z) = {vi + ^ + iv2; ze^^^^'^^) for fi £ M; 

• T^{vi + iv2; z) = {vi + iv2, -z). 



By Theorem 3.3 and the above considerations the double affine Artin group 
A^^, is isomorphic with the fundamental group of X' the orbits space as- 
sociated with Z and the above action of W^. To make this precise let us 
define the following paths on Z: 

. T;. : [0, 1] ^ Z; T5(t) = (n + ^(n, a))a,; zo), 1 < j < n; 

• y'^a, : [0, 1] - 2 ; y'^,a, it) = + ^to,; ^oe-^^'^'"^)), l<j<n; 

• x\ : [0, 1] ^ Z ; (t) = + tAf, z^e^^^A,))^ 1 < j < n; 



x's : [0,1] ; x'sit) = (n;zoe-**). 



By p'' : Z ^ X' we denote the canonical projection. The Theorem 3^ reads 
now as follows. 

Theorem 3.4. With the notation above, the fundamental group 7ri(A",*) 
and the double affine Artin group Ay^, are isomorphic. Under the isomor- 
phism the homotopy classes of the paths p^ o Tj, p^ o y'- ^ ^ p'' o x\ ^ and 

p'' o correspond to Tj, , ^ and Xg, respectively. 

^ ^/s J 

Looking back at the way X was defined we see that the map 

y^Z, {vi + iv2; z) ^ {v2 + ivi; z) , 

induces an isomorphism of fundamental groups of the associated orbits 
spaces (by z we denoted the complex conjugate of z). A straightforward 
analysis shows that the homotopy classes of the paths poTj, po yj^_^ , p o , 
poxs and (p^oT^.)~^, p'-oxS_^ P''°y''y/pa (p'ox^)"-^ correspond respectively. 



Combining this with the Theorem 3.3 and Theorem 3.4 we finish our proof 



of the Theorem 2.2 



4. Descent to Hecke algebras 

4.1. Some combinatorial results. Let us first establish some notation. 
For each w m.W let l{w) be the length of a reduced (i.e. shortest) decom- 
position of w in terms of the Sj. We have 

l{w) = \Yi{w)\ (10) 
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where 

U{w) = {ae R+\ w{a) £ R-} . (11) 

li w = ■ ■ ■ Sj-^ is a reduced decomposition, then 

U{w) = {a(^) I 1 < A: < p}, 

with a^'^) = Sji •••Sife_i(ajJ. 

For its the basic properties of the length function on Coxeter groups see 
[Q. Let us list the most important ones: 

1. For each < j < n we have l{sjw) = l{w) it 1 ; 

2. If l{sjw) = l{w) — 1 then SjW can be obtained from a certain reduced 
decomposition of w by omitting a sj factor. 

When w £ W can be written as wX^, with w £ W and fi £ M the formula 
( |To[ ) takes the following form (see p^u|| ) 

Kwx,) = ^ 1^^+11 + j: (12) 

a6-B+, c<e-R_|_, 
ii{a)eA_ m(a)gfl_)_ 

Next, we will consider an application of the above formula. In this sub- 
section we will suppose that our irreducible affine Cartan matrix satisfies 



the restriction imposed in Section 1.2 and moreover it is such that p ^ 1. 



Precisely in this case 9 is the highest root of the associated finite root system 
and it is not equal to 6s the highest short root of the associated finite root 
system. 

Lemma 4.1. Let Aw the Artin group associated to an irreducible affine 
Cartan matrix as above. Then, in Aw we have 

Y_0V = TseToTsg_gTo. 

Proof. First, let us see that the formula in the statement makes sense. When 
p / 1 all Cq, equal da, therefore e~^a^ = a and M = Q^. In consequence 
— 0^ is an anti-dominant element of M. Moreover, using basic facts about 
root systems, which can be found for example in ||^, VI, §1, 3], we obtain 
that {9, 9s) = 1, which implies that 9 — 9s = S0{—9s) £ R. 

Denote hy w = soSg-g^SQ. A simple computation shows that sg^w = X^gv . 
In the view of Remark |1.4| our statement follows from the following formulas 

l{w) = l{sg^gj + 2 (13) 

and 

l{w)+l{sgJ = l{X^gv). (14) 

The equation (^) immediately follows from the second property of the 
length function mentioned above keeping in mind that w W, fact which 
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can be easily checked. Writing down formula ( |l^ ) for A_ey, sg^ and for 
w = S0^X-0v we obtain 

/(A_,y) = (0,\a), 

iM = E 1' 

Q6-R+, 

These formulas show that equation (14) holds. The proof statement is com- 
pleted. □ 

The following fact will be crucial. 

Lemma 4.2. With the notation above we have 

n(se-ej -{0- Bs} C {a e i?+ I (aV,0 - 6,) = 1} . 

Proof. In the case when p = 3, the matrix A equals G2, and our statement 
can be checked. Indeed, if ai, is the standard basis, with ol\ the short 
root and 02 the long root, we have that Q = 3ai + 2q2, Qs = 2ai + 0:2 and 
6 — 9s = ai + a2- Furthermore, sq^q^ = S2S1S2 is a reduced decomposition 
and 

n(s5)_ej = {ai + a2, "2, 3ai + 202} • 
Keeping in mind that 

(ai,ai) = 2/3, (01,02) = -! and (a2,a2) = 2, 

the conclusion follows. 

When p = 2, it is well known (see |Q, VI, §1, 3]) that we have the following 
possible values for the scalar products (a,/3^) for any roots a, (3 such that 
a / ±/3: 

1. if /? is long, (a,/3^) G {0,±1}; 

2. if f3 and a are short, (a,/3^) E {0, ±1}; 

3. if /? is short and a is long, (a, € {0, ±2}. 
Moreover, (a, a) S {1,2}. 

Obviously, 9 — Og £ Jl{sg_gJ. Let a G n(se_0j, a ^ 6 — Og- Then, 

(se_6i,(a),6's) = (a, 6*5) and (s6i-6i,(a), 6*) = (a, 261^ -61) . 

Because a is a positive root, and se-Osi^) is a negative root the first scalar 
product must be zero. This implies that the second scalar product equals 
— {a, 9). This one cannot be zero because it would follow that a is fixed 
by S0-0^. Furthermore, a ^ 9 because {6,9s) = 1/0. Now, the above 
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considerations on the possible values of scalar products show that (a, 0) = 1. 
If we put all these together, we get that 

Keeping in mind that 6 — Og is a short root and it is different from a, the 
same considerations on scalar products imply that a is a long root, and 
consequently {a^ ,6 — Og) = 1. □ 

We can choose a reduced decomposition for se-e^ of the form 

with w = Sj-i^ ■ ■ ■ Sjp the minimal length element of W for which w{9 — 9s) = 
simple (short) root. Then, using formula (|ll]) we see that 

U{w)CU{se-eJ-{0-es}. 

As before denote Il{w) = {a^^^ | 1 < ^ < p}, with a^^^ = sj^ ■ ■ ■ Sj,^_j^{aj^). 
By Lemma 4.2 we obtain that 

(e-e„(a«r) = l, 

or equivalently 

isj.+i---sj,{9-es),al) = l. (16) 
Lemma 4.3. With the notation above 

holds in the Artin group ■Ay^r- 

Proof. Using the formula (16) and the relations in the double affine Artin 
group we obtain that for all p > A; > 1 

Now, our conclusion follows by applying these formulas. □ 

Proposition 4.4. Let 7i^^ be the double affine group associated to an irre- 
ducible affine Cartan matrix as before. Then, in 7iy^ we have 

Tg-_\Xe^e. - {T-_\Xe-eJ-' = t^J^ - t-"\ (17) 
Proof. From ( ]T5| ) we get that Tq_q^ = T^-iTj^T^. Therefore, 

rp—\rp— \ rp 

~ '^w i-X-aj^^TjQ -\- [tg —tg ))Tw 

= {T,\Xe^e.)-' + {t\/'-t^^l\ 



We used Lemma and the fact that is short. □ 



DOUBLE AFFINE HECKE ALGEBRAS 



17 



4.2. Proof of Theorem |2.3| . Because we already have an isomorphism at 
the level of Artin groups all we need to prove is that the relations @ (|) (|) 
and are satisfied. In order to keep the computations in Tly^r we will check 
the relations for (p-^^,{Tj), (l)^,iT^Y^,) and (^■^^.{X'i^iTj) (the corresponding 

relations for (j)^'{Tj) (p^{TjYAj) and 0^(X_Q,^Tj) can be checked in the same 
way). For j ^ this is straightforward. For j = we have to show that 

There are two possible situations: 

Case 1. If p = 1, then = aj for all 1 < j < n. This implies that 

ci)^Sxt^^,n) = 0^.((zx^.(r;j-iy!e„) 

= q-'YeT,,X_g 

Therefore in this case the relation ( [l8| ) becomes precisely the relation (0). 

a"^ — 

Case 2. If p 7^ 1, then Oj = for all 1 < j < n. As a consequence, with 
the notation in Section 4.1 we have that 

e' = ^ = ^e, and = 4= • 

Also, it is clear that sg^ = sg^ and (p^r,{to) = tg- As before 
</<^,(Xi,.ro') = cl>w^{qX^e^{T^^X'y'e^) 
= q-^Ye^T,,Xa. 



Using Lemma 4J. and the commuting relations in the double affine Artin 
group we obtain 

</>^.(Xi„.ro^) = T^^T;l^Xe-eJ,. (19) 
Conjugating ( [l8|) by Tq we obtain the relation ([l^) which was proved to be 



true in Proposition 4.4. The proof of the Theorem |2.3| is completed. 
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